Hybrid rockets present some disadvantages, mainly low regression rate and combustion inefficiencies. A promising technology to solve both is swirling oxidizer injection, which enhances the wall heat flux and the mixing of the combustion reactants and thus increases the regression rate and the combustion efficiency. A numerical investigation is carried out with a commercial computational fluid dynamics code. This type of analysis can really help with the comprehension of the physical phenomena hidden behind the experimental measurement, and so it can be a powerful aid in the preliminary development and testing of hybrid motors. The first step of this numerical investigation is to study the initial motor geometry, increasing the complexity of the system with the addition of each component one by one to better understand which parameters influence the swirling flowfield inside the combustion chamber. Afterward, a comparison between the axial and swirl injection is done, analyzing the qualitative differences in the flowfields and the quantitative ones in the performance. The central and most important part of this numerical study is focused on the inspection of the motor performance related to several scaling parameters. 
A promising technology to solve both is swirling oxidizer injection, which enhances the wall heat flux and the mixing of the combustion reactants and thus increases the regression rate and the combustion efficiency. A numerical investigation is carried out with a commercial computational fluid dynamics code. This type of analysis can really help with the comprehension of the physical phenomena hidden behind the experimental measurement, and so it can be a powerful aid in the preliminary development and testing of hybrid motors. The first step of this numerical investigation is to study the initial motor geometry, increasing the complexity of the system with the addition of each component one by one to better understand which parameters influence the swirling flowfield inside the combustion chamber. Afterward, a comparison between the axial and swirl injection is done, analyzing the qualitative differences in the flowfields and the quantitative ones in the performance. The central and most important part of this numerical study is focused on the inspection of the motor performance related to several scaling parameters. I. Introduction H YBRID rocket motors are an attractive alternative to solid and liquid rocket motors for their important advantages, like safety, simplicity, reliability, throttling capabilities, environmental friendliness, and low cost. Unfortunately, hybrids also present some disadvantages, mainly low regression rate and combustion inefficiencies, which in turn caused the lack of a widespread use for both military and commercial applications.
International researches are mostly focused on finding a solution to these drawbacks, encouraged by the study of Casillas et al. [1] , demonstrating that a three-to-fourfold increase in the regression rate may be satisfactory to develop a really competitive hybrid rocket motor. A promising technology to solve both the inherent disadvantages of hybrid rocket motors is the swirl injector, which forces the oxidizer to enter into the combustion chamber with a strong tangential velocity component, enhancing the wall heat flux and the mixing of the combustion reactants and thus increasing the regression rate and the combustion efficiency. Knuth et al. at Orbital Technologies, Corp. (ORBITEC) tested the vortex hybrid rocket engine using a swirl injector situated at the aft end of the motor [2] [3] [4] [5] that exhibits a huge increase of the regression rate up to six times faster than those in classical hybrid rockets. At the same time, several authors tested a configuration with a swirl injector located at the head end of the motor [6] [7] [8] , obtaining a regression rate about three times faster than that of classical hybrid rockets.
The topic of this paper is a numerical investigation of the behavior of a hybrid rocket that uses a swirl injector located at the head end of the motor, with particular attention to the influence of several scaling parameters on the flowfield.
II. Numerical Investigation
The numerical investigation is carried out with a commercial threedimensional steady-state computational fluid dynamics (CFD) code to solve the Reynolds-averaged Navier-Stokes equations associated with the flowfield, which characterizes the hybrid rocket motor with swirl oxidizer injection. This type of analysis can really help with the comprehension of the physical phenomena hidden behind the experimental measurement, and so it can be a powerful aid in the preliminary development and testing of hybrid rocket motors.
First, an incremental analysis of the motor with the swirl injector was conducted to better understand the role of each component on the flowfield. Afterward, the tangential injector motor was compared with the baseline axial configuration. At last, different configurations were analyzed to study the influence of several parameters on the motor performance, namely, the injection swirl number and the oxidizer mass flux.
A. Motor Design
A developed and tested laboratory-scale motor [9] is used to obtain a preliminary geometry, which is schematically represented in Fig. 1 . The model consists of four different sections. The first one is the injection plate, where the oxidizer can be injected in two ways: one is axial injection, where the oxidizer is injected from the whole crosssectional area, and the other one is swirl injection, where the oxidizer is injected from 12 tangential holes spatially distributed around the motor axis, as can be seen in Fig. 2 . The second section is the combustion chamber, which is the main part of the motor and is composed of a cylindrical grain with a circular port (i.e., a sideburning grain). The third part is the postcombustion chamber, which is used also as a pick-up point for the parameters of interest to evaluate the motor performance. Last is the nozzle, which has a conical shape, where the expansion of the gases occurs, and is designed to have a total combustion chamber pressure of 400,000 Pa and a perfect expansion at an atmospheric pressure of 101,325 Pa.
B. Numerical Models

Governing Equations
The complete system of governing equations, which include the continuity, momentum, energy, and conservation equations for each chemical species, can be written as follows:
where the total energy e 0 is a function of the internal energy e:
The stress tensor τ is defined as and the turbulent thermal conductivity λ t is a function of the turbulent Prandtl number σ, which has a value of 0.9:
Moreover, all the chemical species are considered as ideal and thermally perfect gases [10] for which the specific heats have been calculated using NASA's polynomial form [11] 
Turbulence Model
A turbulence model is necessary to compute the dynamic eddy viscosity μ t that appears in the governing equations. The shear stress transport (SST) k-ω turbulence model was developed to combine the advantages of the k-ω model with the ones of the k-ω model using a blending function to switch between the two models [12] . The k-ω model is used in the near-wall region because it can accurately simulate the flow in the viscous sublayer, whereas the k-ω model is used in the freestream zone because its accuracy here is higher. The SST k-ω is a two-equation eddy-viscosity turbulence model because it includes two extra transport equations to characterize the turbulent properties of the flow, where the first transported variable is the turbulent kinetic energy k, which represents the energy in the turbulence, and the second transported variable is the specific rate of dissipation ω, which represents the scale of the turbulence. The two equations of the model are
where the turbulent kinematic eddy viscosity and dynamic eddy viscosity are computed as
in which the invariant measure of the strain rate is defined as
The auxiliary relations of the model are
and each of the constants is a blend of an inner and outer constant, blended via
The closure coefficients are 
Combustion Model
The combustion process is analyzed using the eddy dissipation model [13] to treat the chemistry of the flame, thus not including chemical kinetics effects. This is a good approximation for typical hybrid rocket motors, where the chemical reaction rate is higher than the rate of mixing of the reactants in the turbulent diffusion flame. This is summarized by a high Damköhler number, which is defined as the ratio between the turbulent timescale τ t and the chemical timescale τ c :
The eddy dissipation model defines the net rate of production of species i due to reaction r as the smaller of the following two equations:
where the constants A and B are 4 and 0.5, respectively.
C. Global Convergence Analysis
A global convergence analysis is necessary to find the minimum number of elements required to create a mesh capable of describing accurately the internal flowfield to decrease the computational time. This process consists of the generation of different meshes with an increasing number of cells, and convergence is obtained when the results of the simulations do not vary from one iteration to the next.
The procedure for the mesh convergence analysis is based on the geometry of the motor used for the numerical analysis in this paper. All the meshes are generated using the tetrahedron patch-dependent method and the number of elements between two subsequent iterations has been increased by 30%. The values of several physical quantities are used to check for the convergence, namely, pressure Article in Advance / PACCAGNELLA ET AL. and temperature inside the combustion chamber, velocity of the flowfield, Mach number inside the nozzle, and mass fraction of chemical reagents and products. The difference of all these physical quantities between the last mesh and the previous iteration is below 2%. All the created meshes used for the following numerical analysis have a number of cells of about 1 million and the mesh of the swirl injector case is shown in Fig. 3 .
D. Simulations' Setup
The first step is to find the physically correct boundary conditions for the system. The chosen boundary conditions for all the numerical simulations conducted, as well as the sections where these conditions are applied, are now described. An inlet boundary condition is applied at the injector surface and at the grain lateral surface, imposing a fixed mass flow and the temperature of the gases. The mass flow is injected tangentially to the area of the inlets and the velocity is automatically computed from the following equation:
An outlet boundary condition is applied at the exit section, choosing a fixed pressure at the nozzle exit section or at the grain end section for the cases without the nozzle. A wall boundary condition is applied to all the other surfaces of the motor with a no-slip wall condition to take into account the viscosity of the fluid, and thus the velocity of the gases immediately next to the wall is imposed to be the same as the one of the wall, which in this case is null:
Considering the propellant choice, the oxidizer is gaseous O 2 injected at 300 K from the injector surface, whereas the fuel is hydroxil-terminated polybutadiene (HTPB) injected already decomposed in butadiene at 1000 K from the grain lateral surface. The chemical reaction of the combustion process is simplified with a single-step formula:
The chemical products were chosen using the results of a thermochemical software, like CProPep or CEA [14] , neglecting those with a molar fraction lower than 1 × 10 −3 . In Fig. 4 , a comparison between the thermochemical software calculations and the formula used in the CFD simulations is presented for both molar and mass fractions of the reaction products.
The initial oxidizer mass flux and oxidizer mass flow rate are
and, for all the simulations carried out, the regression rate is calculated considering that
where _ r ref and _ Q w;ref are the regression rate and the wall heat flux of the laboratory-scale reference motor and _ Q w is the wall heat flux obtained from the numerical simulations.
The numerical analyses are carried out with a steady-state solver and all the spatial methods are at least second-order accurate. The partial differential equations have been solved using first an upwind discretization scheme and afterward a second-order discretization scheme, for the reasons presented in [15] . The convergence of a single simulation is obtained if the following criteria are met: The rms residuals have to be lower than 1 × 10 −4 and the global imbalances have to be no more than 0.1%.
E. Simulations Matrix
The first step of this numerical investigation is to study the initial motor geometry increasing the complexity of the system with the addition of each component one by one to better understand which parameters influence the swirling flowfield inside the combustion chamber [16] . The most basic case is the injection simulation, where only the oxidizer is injected and the motor geometry is without the postcombustion chamber and the nozzle. Afterward, in the blowing simulation also the blowing of the fuel is considered to account for the increase of the total mass along the motor axis. With the combustion simulation, the combustion comes into play to understand how this chemical process influences the flowfield. Finally, the nozzle is added to the geometry in the nozzle simulation to include the expansion of the gases passing from the subsonic region to the supersonic one. Afterward, a comparison between the axial and the swirl injection is done, analyzing the qualitative differences in the flowfields and the quantitative ones in the performance.
The central and most important part of this numerical study is focused on the inspection of the motor performance related to several scaling parameters analyzing different configurations. The parameters of interest are the injection swirl number and the oxidizer mass flux. The first parameter is changed, varying the inlet area to change the tangential velocity component of the injected oxidizer and thus the strength of the swirling flowfield, whereas the second one is changed gradually, varying the inlet boundary condition to account for different throttling situations.
III. Numerical Results
In this section, the results of the numerical analysis are presented and discussed. The same order of the simulation matrix that was previously presented is followed and the results are supported with analytical studies to better understand the physics governing the system.
A. Incremental Analysis
The swirl injector forces the oxidizer to enter the combustion chamber with a strong tangential velocity component, creating the characteristic helical streamlines that distinguish the flowfield of this particular type of hybrid rocket motor. In Fig. 5 , the streamlines resulting from the different simulations of the incremental analysis are represented.
Two important parameters to study the swirling flowfield in the combustion chamber are the swirl number (SN) and the swirl angle (SA). The former is defined as the ratio between the axial flux of the tangential momentum and the axial flux of the axial momentum,
whereas the latter is defined as the angle between the streamline and the motor axis (0 deg means axial flow, whereas 90 deg represents fully tangential flow):
Both of these parameters give information about the rotational flow and the way it varies along the motor axis. Their variation along the motor axis is shown in Fig. 6 . The decrease of the swirl number and thus the straightening of the helical flow represented by the reduction of the swirl angle is caused by two different phenomena, namely, the wall friction (which has a minor relevance) and the respect of the continuity equation. In the injection simulation, the two parameters of interest decrease along the motor axis only slightly due to the wall friction, which decelerates the tangential velocity component. In the blowing simulation, the decrease of the tangential velocity component is smaller than in the previous case because the friction is reduced for the presence of the blowing, but the addition of heated fuel mass involves an increase of the axial velocity component according to the continuity equation, which in turn causes a reduction of the relative intensity of the rotational flow and a straightening of the streamlines. Thanks to the combustion simulation, it is possible to understand that the combustion process has the highest influence on the swirl number and on the swirl angle due to the huge increase of the temperature of the gases, which leads to an acceleration of the flow in the axial direction to respect the continuity equation. Finally, the nozzle simulation shows that the results of this case are mostly identical to those of the previous simulation because the addition of the nozzle to the geometry does not change the flowfield in the combustion chamber but only expands and accelerates the gas passing through it. The trends of axial and tangential velocity components along the motor axis are represented in Fig. 7 .
An analytical study conducted by Bellomo et al. [16] shows that a forced vortex is imposed on the flowfield in the motor and describes the centrifugal effect caused by the rotation of the flow:
These results can be obtained analyzing the Navier-Stokes equations, neglecting the gravity and the normal viscous terms. The forced vortex flowfield described by Eq. (19a) was confirmed from the CFD simulations. This is mathematically true when only the oxidizer is injected into the combustion chamber, whereas the increase of the system complexity causes the results to be far away from the theoretical ones. The addition of the fuel through the blowing from the solid grain walls varies the solution only slightly. On the other hand, the combustion process makes the mathematical solution no longer valid, as can be seen in Fig. 8 . Equation (19b) describes the centrifugal effects caused by the rotation of the flow that pushes the fluid toward the wall of the combustion chamber. The radial pressure gradient was numerically confirmed by the CFD simulations with accurate results for the injection simulation. As for the forced vortex solution, the increase of the system complexity causes the results to be far away from the theoretical one, maintaining, however, the qualitative trend, as shown in Fig. 9 .
B. Comparison Between Axial and Swirl Injection
The comparison between the axial injection and the swirl one is carried out analyzing the same fully combustive motor with two different injectors operating at the same injection conditions. The streamlines in the hybrid rocket motor are the first and trivial difference: With the axial injector, the streamlines in the combustion chamber are parallel to the motor axis, whereas the swirl injector develops the characteristic helical streamlines that are represented in Fig. 10 .
The primary consequences of this different flow pattern is that it enhances the mixing of the reacting chemical species involved in the combustion process, ensuring a more effective burning process that in turn leads to an increase of the characteristic velocity c and of the combustion efficiency η, as can be seen in Table 1 . Moreover, the rotational flowfield allows one to obtain a better mixing of the chemical products and thus a greater heating of the cold gases in the central core of the combustion chamber. The zone where the hot product gases are present is thus wider in the swirl injector case than in the axial one, in which the temperature gradient is really steep. Furthermore, remembering Eq. (19b), which describes the centrifugal effect caused by the oxidizer swirl injection, it is important to underline that another difference is the presence of a pressure gradient in the combustion chamber. This qualitative considerations are translated in quantitative terms with the plots in Figs. 11 and 12 , which represent the variation of the discussed variables along different radial sections of the combustion chamber for the axial injection simulation and for the swirl injection one. As can be seen from the second plot, the radial pressure gradient is less pronounced near the end of the grain than near the injector. Remembering Eq. (19b), this is because the variation of the pressure from the grain surface to the motor axis is lower when the fluid has lower density, given the same angular velocity of the gases in the two sections. It is possible to see that the postcombustion chamber is the zone where the radial pressure gradient is smaller and thus the pressure is more homogeneous, making this region the perfect place to position a pressure measurement point.
To evaluate the increase of the motor performance, it is necessary to consider two parameters, namely, the characteristic velocity c , which can be computed with two different relations:
and the combustion efficiency η, which is defined as η c sim c th (21) The discharge coefficient c d accounts for the reduction of the nozzle throat area caused by the presence of the swirling component of the flow due to the centrifugal forces opposing the fluid that approaches the nozzle throat. This effect was theoretically examined by several authors [17] [18] [19] [20] . The discharge coefficient for the axial case is approximately taken as equal to one and the swirl case is about 0.97. The value of this parameter is computed comparing the pressure in the combustion chamber between the axial configuration and the swirl one: The process for the evaluation of the discharge coefficient is better explained in Sec. III.E.
The values of these performance parameters for both the simulations are summarized in Table 1 . It is possible to note that there is a difference in the value of the two parameters depending on the expression used. This is due to the hypothesis of isentropic, uniform, and monodimensional flow through the nozzle, which is necessary to pass from Eq. (20a) to (20b). This difference is bigger in the simulation with axial injection than in the one with swirl injector. This happens because in the former case the oxidizer and the fuel flow parallel to the motor axis producing the typical stratified flowfield, whereas in the latter case the rotational flowfield enhances the mixing of the gases reducing the distance from the ideal case. Moreover, considering the hypothesis of monodimensional flow, the swirling flow is greatly reduced in the nozzle to respect the continuity equation, as can be seen in Fig. 13 . In conclusion, the swirl injection results in a 5.2% increase of the characteristic velocity and thus of the combustion efficiency using the first definition of the characteristic velocity (20a), the values of which are listed in Table 1 for both simulations. The reasons for this are that the swirl injection enhances the mixing of the reacting chemical species, ensuring a more effective burning process; it allows one to obtain a better mixing of the chemical products and thus a greater heating of the cold gases in the central core; it introduces centrifugal forces that push the flame near the solid grain surface, increasing the wall heat flux; and it causes the presence of an additional tangential velocity component, which increases the effective velocity of the oxidizer mass flowing onto the wall of the solid fuel grain.
It is important to highlight that, in a swirl flow, the pressure is not uniform because of centrifugal forces. In the numerical simulations, the pressure is evaluated computing the area-average value on a crosssectional plane in the middle of the postcombustion chamber. In an experimental setup, this parameter is instead usually measured on the postcombustion chamber wall. However, as can be seen from the values in Table 2 (where the wall pressure is computed along the intersection between the previous plane and the wall of the postcombustion chamber), the difference is small, that is, 0.01% for the axial injection and 0.71% for the swirl injection. In this section, the effects of scaling the injection swirl number are analyzed. Before presenting and discussing the results of the numerical simulations, it is important to introduce the definition of the geometric swirl number, which comes from the conservation of the momentum following the convention proposed by Beér and Chigier [21] . This approach permits one to use only geometrical parameters that are easily obtainable also during an experimental test, namely, the dimensions of the injection plate, to compare different situations without the need for specific measurements of local fluid unknowns that require a more complicated instrumentation:
The geometric swirl number was varied, changing the dimension of the injection holes r hol and thus the inlet area, but maintaining the number of holes fixed. Three different configurations were studied (i.e., SN g 4.39, 5.97, and 9.17.).
The streamlines in the combustion chamber of the cases studied are plotted in Fig. 14 . It can be seen that the increase of the geometric swirl number leads to a helical flowfield with a higher pitch and thus to a stronger recirculating flowfield. This behavior can also be represented by the variation of the swirl number and the swirl angle, Fig. 13 Variation of swirl number and swirl angle along the motor axis. Article in Advance / PACCAGNELLA ET AL.
which are shown in Fig. 15 . The fast decrease of the swirl number along the axis of the hybrid rocket motor reduces the influence of the geometric swirl number on the local swirl number, which experiences a small variation due to the change of the injection conditions. It is important to note that the variation of the injection swirl number affects the shape of the helical flowfield in the combustion chamber and that, for a fixed injection swirl number, the flowfield is fixed. The variation of the temperature inside the combustion chamber, which is shown in Fig. 16 , depends on the variation of the O∕F along the motor axis because of the addition of fuel due to an enhancement of the regression rate, which will be discussed in the next paragraph. The axial velocity component increases only slightly with the geometric swirl number, as can be seen in Fig. 17 , to respect the continuity equation considering the addition of fuel. The growing of the tangential velocity component, which is represented in Fig. 18 , is the obvious result of the geometric swirl number increase. The enhancement of the pyrolysis of the solid fuel also leads to an increase of the combustion chamber pressure, as can be seen in Fig. 19 .
The variation of the injection swirl number has an important impact on the regression rate of the motor because the increase of the geometric swirl number leads to an enhancement of this fundamental motor parameter. This is the main reason that makes the use of a swirl injector with a side-burning grain a viable way to solve the principal inherent problem of hybrid rocket motors, namely, the low regression rate. The spatial-averaged regression rate of the hybrid motor, as well as the local regression rate studied in the numerical simulations, is increasing with the geometric swirl number of the injector and thus the mixture ratio is decreasing. The values of the average regression rate and of the mixture ratio for the different geometric swirl numbers are summarized in Table 3 where they can be easily compared.
The values of the performance parameters for all the simulations, that is, the characteristic velocity and the combustion efficiency, are summarized in Table 4 . As in the comparison between the axial case and the swirl one, it is possible to note that there is a difference in the value of the two parameters depending on the expression used. For all three geometric swirl numbers considered, the discharge coefficient of the nozzle is really close to one, which implies a negligible fictitious shrinkage of the nozzle throat area due to the choking effect of the swirling component of the flow in the combustion chamber. Using the first definition of the characteristic velocity (20a), the swirl injection results in an enhance of the motor performance by 5.6%, increasing the geometric swirl number from 4.39 to 5.97 and by 10.4% going from 4.39 to 9.17.
Moreover, the measure of the pressure at the wall of the postcombustion chamber leads to an overestimation of the performance of the motor, as summarized in Table 5 . However, this difference is small. The error increases with the geometric swirl number because, remembering Eq. (19b), which describes the centrifugal effect caused by the oxidizer swirl injection, the radial pressure gradient becomes greater with the enhancement of the angular velocity of the flow. Article in Advance / PACCAGNELLA ET AL.
D. Scaling of Oxidizer Mass Flux
After analyzing the effects of different geometric swirl numbers on the flowfield in the combustion chamber of the motor, in this section the consequences of scaling the oxidizer mass flux will be studied. This situation represents the throttling of the oxidizer flow at different levels. The oxidizer mass fluxes analyzed are 100, 67, and 33%.
As can be seen in Fig. 20 , for a given geometric swirl number that identifies a specific injector configuration, the scaling of the oxidizer mass flux does not change the shape of the helical flowfield in the combustion chamber, because it is fixed by the injection swirl number, nor the intensity of the helical flowfield, because the decrease of the oxidizer mass flux is followed by a comparable decrease of the chamber pressure and thus of the flow density, and for this reason, the injection velocity is not influenced by the variation of the oxidizer mass flux. The only parameter that causes a small variation of the flow velocity is the variation of the quantity of pyrolized fuel, as will be discussed in the next paragraph. This difference can also be quantitatively measured by the variation of the swirl number and the swirl angle, which are represented in Fig. 21 . From these plots, it is possible to see that, for a fixed geometric swirl number, the throttling of the oxidizer flow causes only a shift of the curves of these two parameters. The temperature trend in the motor combustion chamber, shown in Fig. 22 , depends on the variation of the O∕F along the motor axis, as already said, for the scaling of the injection swirl number. The axial velocity decreases only slightly with the increase of the oxidizer mass flux, as represented in Fig. 23 , whereas the tangential velocity component barely increases with the oxidizer mass flux, as can be seen in Fig. 24 . These small variations, as previously said, are caused by the variation of the quantity of pyrolized fuel and thus by the mixture ratio shift.
The oxidizer mass flux is a critical parameter to describe the functioning of a classic hybrid rocket motor because it regulates the combustion process and thus the regression mechanism of the solid fuel, as described by the Marxman's theory [22] :
where the oxidizer mass flux is defined as
Obviously, this parameter is fundamental also for hybrid rocket motors with swirling oxidizer injection. As can be seen in Table 6 , the Fig. 20 Comparison between the streamlines in the motor for all simulations.
spatial-averaged form of the regression rate increases with the oxidizer mass flux as expected from a system that follows the theory developed by Marxman et al. However, the mixture ratio experiences an increase of its value with the growing of the oxidizer mass flux.
Starting from the results of the numerical simulations, it is possible to obtain a correlation between the regression rate and the oxidizer mass flux for the different geometric swirl number, with the same form of the law obtained by Marxman et al.: While the multiplicative coefficient a decreases, the exponential coefficient n increases with the geometric swirl number, leading to the increase of the regression rate with the geometric swirl number as previously described.
The values of the performance parameters, that is, the characteristic velocity and the combustion efficiency, for all the simulations are summarized in Table 7 . The characteristic velocity decreases with the increase of the oxidizer mass flux, but the combustion efficiency follows an opposite trend because it increases with the increase of the oxidizer mass flux.
Moreover, the measure of the pressure at the wall of the postcombustion chamber leads to an overestimation of the performance of the hybrid rocket motor. However, this difference is small as summarized in Table 8 . The error increases with the oxidizer mass flux for a fixed geometric swirl number because, remembering Eq. (19b) which describes the centrifugal effect caused by the oxidizer swirl injection, the radial pressure gradient becomes greater with the enhancement of the angular velocity of the flow.
E. Discharge Coefficient
As theoretically examined by several authors [17] [18] [19] [20] , a swirling flow with a strong tangential velocity component that passes through a convergent-divergent nozzle results in a reduction of the effective throat area. This phenomenon is caused by the centrifugal forces opposing the flow that approaches the nozzle throat. The discharge coefficient is a useful parameter used to quantify the ratio between the actual mass flow rate through the nozzle throat and the theoretical mass flow rate and is defined as follows:
For a swirling flowfield, the discharge coefficient drop is a monotonically increasing function of the ratio between the tangential component of the velocity of the flow and its speed of sound at the nozzle throat:
where a is the speed of sound defined as The discharge coefficient cannot be evaluated directly using Eq. (27) and the numerical results of the simulations in which the combustion process happens. The reason is that this parameter has to account only for the increase of the pressure in the combustion chamber due to the chocking effect of the swirling flow. However, in the combustive simulations with swirl injection the increment of pressure is caused by two different phenomena: first, the aforementioned chocking effect, and second, a more complete and efficient combustion process thanks to the higher level of mixing caused by the swirling flowfield. Thus, three different groups of simulations for all the geometric swirl numbers considered until now were carried out to exclude the increase of the pressure due to the second phenomenon described. The first is the injection simulation group, where only the cold oxidizer is injected, then the blowing simulation group that considers both the cold oxidizer and the cold fuel. Last is the hot simulation group, where both the oxidizer and the fuel are injected at the ideal temperature of combustion. The same gas for both the oxidizer and the fuel was injected to not consider the variation of the molecular mass of the flow due to the better mixing of the swirling flow, and the same injection temperature was imposed to avoid a thermal gradient in the radial direction. Afterward, using the results of all these numerical simulations, the discharge coefficient was evaluated as a pressure ratio between the axial case and the swirling one and correlated to the parameter v ϑ ∕a, as can be seen in Fig. 25a .
Using the numerical correlation obtained with the process explained, it is possible to evaluate the discharge coefficient for the combustion simulations only calculating the parameter v ϑ ∕a for each specific case, as represented in Fig. 25b . In this way, only the increase of pressure due to the centrifugal forces is considered. The resulting discharge coefficients of the nozzle for all the considered geometric swirl numbers are Following the approach proposed by Yuasa et al. [23] , it is possible to introduce a useful parameter that permits one to obtain a correlation to describe the regression rate law. The fuel regression caused by its pyrolysis is governed by the oxidizer mass flux flowing in the combustion chamber of the hybrid motor, apart from the region immediately next to the inlet where the oxidizer wall jet striking directly onto the solid grain surface leads to a higher consumption of the fuel. This behavior is similar to the one that controls the combustion of classic hybrid rocket motors, but if a swirl injector is used, then also the tangential velocity component of the flow must be considered in addition to the axial velocity component. Before introducing the parameter to describe a correlation for the regression rate, it is necessary to define the geometric swirl number with an approximate equation, which is obtained assuming a uniform velocity distribution of the axial oxidizer flow and the conservation of momentum at the injector exit:
where v z0 and v ϑ0 are the axial and tangential velocity components at the injector exit. Assuming conservation of momentum and mass between the oxidizer mass flow at the injector exit and the oxidizer mass flow at a section of the solid grain port, these velocities can be correlated with the axial and tangential velocity components measured along the motor:
Therefore, the velocity of the swirling flow can be computed summing the axial component and the rotational component, caused by the particular configuration of the injector that forces the oxidizer mass to enter tangentially the combustion chamber of the hybrid motor:
When SN g ≫ 1, this last equation can be approximated as a function of the tangential velocity and the geometric swirl number:
Remembering the definition of the oxidizer mass flux (25), This equation can be rewritten to include the tangential component of the velocity, introducing the expression of the velocity of the swirling flow (34). The definition can be approximated as follows:
This new parameter permits one to introduce a correlation between the regression rate and the oxidizer mass flux corrected to include the rotational component of the flow, which has a similar shape to the one describing classic hybrid rocket motors: This equation permits one to obtain a curve well fitting the results of the regression rate evaluated from all the numerical simulations conducted, as represented in Fig. 26 . The small exponential coefficient n is probably due to the small oxidizer mass fluxes analyzed.
It is possible to see that the correlation obtained fits well the regression rates evaluated, and this means that this process, despite all of the approximations introduced to reach a solution, has a valid physical basis. For this reason, this approach could be used to find a regression rate law for hybrid rocket motors with swirling oxidizer injection, provided a wider range of oxidizer mass fluxes analyzed.
IV. Conclusions
A numerical investigation of the behavior of a hybrid rocket that uses a swirl injector located at the head end of the motor has been performed, with particular attention to the comparison with axial injection and to the influence of several scaling parameters on the flowfield. After studying the initial motor geometry increasing the complexity of the system with the addition of each component one by one, a comparison between the axial injection and the swirl one is carried out. The swirl injector develops the characteristic helical flow pattern that enhances the mixing of the reacting chemical species involved in the combustion process and thus increases the combustion efficiency. The swirling flowfield also increases the wall heat flux and the effective velocity of the oxidizer mass flowing onto the solid fuel grain, and for this reason, it enhances the regression rate.
The scaling of the injection swirl number and the oxidizer mass flux has been analyzed. Three different injectors are considered and three different levels of throttling are presented. It is important to note that the shape of the helical flowfield is fixed by the geometric swirl number and that the scaling of the oxidizer mass flux does not change its intensity. Both the increase of the injection swirl number and the oxidizer mass flux leads to a higher regression rate and a better performance of the hybrid motor.
The discharge coefficient of the nozzle is also obtained. This parameter accounts for the reduction of the nozzle throat area caused by the presence of the swirling component of the flow due to the centrifugal forces opposing the fluid that approaches the nozzle throat. For all the injectors considered, the value of the discharge coefficient is really close to one.
Moreover, a correlation between the regression rate and the oxidizer mass flux is obtained. This approach permits one to have a single regression rate law for several injection swirl numbers and thus different injector configurations and thus it could be used to find a regression rate law for hybrid rocket motors with swirling oxidizer injection having the same shape of Marxman's law [22] .
The numerical investigation carried out permits one to obtain an overall view of the influencing parameters of an hybrid rocket motor with swirling oxidizer injection. Moreover, it provides a scaling behavior of the motor, at least from a qualitatively point of view, in relation to the variation of the geometric swirl number and the oxidizer mass flux. Further work is needed to consider also the scaling of the geometric dimension of the hybrid rocket motor. 
